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Determination of the order of the P-image 
by Toda brackets 

Juno Mukai 

The present paper gives a proof of the author's paper [ 14] on the orders of Whitehead 
products of in with a 6 7rJJ, k , (n > k + 2, k < 24) and improves and extends it. 
The method is to use composition methods in the homotopy groups of spheres and 
rotation groups. 

55M35, 55Q52;57S17 



Introduction 

This paper is a sequel to [5] by Golasiriski and the author in the stable case. The methods 
are to use those of [5]. In particular, the EHP sequence, the method and result of Toda 
[18, Chapter 11] and the result of Nomura [15] are essentially used. Let 7r*,£ denote 
the 2 primary component of the homotopy group ir n+ k(S n ) of the n dimensional sphere 
5" . Let L n be the identity class of S n and a G 7r ; " +jt for n > k + 2 . Then our result 
about the order of the Whitehead product [l„, a] = P(E n ~ l a) is as follows: 

Theorem 1 (Main Theorem) Let n > k + 2 and a be an element of ir" +k . Then, the 
order of the Whitehead product [i n , a] for n = r (mod 8) with < r < 7 is as given 
in Tables 1 and 2 except as otherwise noted. 



1 Results from [5] 

In this section, we shall collect the result of [5] that we need. We denote by SO(n) the 
n-th rotation group and by A : 7i>(5") — > TTk-i(SO(n)) the connecting homomorphism. 
The notation n = i ( mod k) is often written n = i (k) . From the fact that -K^ n+ T,{SO{4n + 
3)) Z [7], we have = 0. 

We recall [t n , 77] = if and only if n = 3 (4) or n = 2, 6; 

Un, V 2 ] = if and only if n = 2, 3 (4) or n = 5. 
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Table 1 



ct\r 





1 


2 


3 


4 


5 


6 


7 




2 


2 


2 


1 


2 


2 


2 


1 


v 1 


2 


2 


1 


1 


2 


2 


1 


1 


V 


8 


2 


4 


2 


8 


2, ^ 2* - 3 
1, = 2* - 3 


4 


1 


v 2 


2 


2 


2 


1, = 2 ; - 5 


1 


1 


2 


1 


a 


16 


2 


16 


2 


16 


2 


16 


2, 7(16) 
1, 15(16) 


7/(7 


2 


2 


2 


1 


2 


2 


1, 22(32) 

> 5^ 

2, = 22(32) 

> 5^ 


1 


£ 


2 


2 




1 


2 


2 


2 


1 




2 


2 




1 


2 


2 


2 


1 


rj a 


2 


2, / a 1 - 7 

1, = 2' - 7 




1 


2 


1, ^ 5S(S4) 

2, = 53(6,4) 

> 117 


1 


1 






1 




1 


2 


1, 7* 53(64) 

2, = 53(64) 

> 117 


1 


1 




2 


2, # 2' - 7 
1, = 2' - 7 




1 


1 


1 


1 


1 


M 


2 


2 




1 


i 


2 


2 


1 


Tift 


2 


2 




1 


i 


2 


1 


1 


c 


8 


1 


4 


1, ^ 115(128) 

2, = 115(128) 

> 24 3 


8 


1 


4 


1 


a 1 


2, 0(J6J 


2, 1(16) 
1, 9(16) 


2 


2, 3(16) 
1, JJ(J6) 


2 


2 


2 


1, 15(16) 




2 


2 


2 


2 




2 


2 


1 



, ,2, # 2 1 - 3 , r 2, 7(16) , , „,,.,, f 2, forn ^ 2' - 3 > 5 , 

Forexampe, { ■ I, { , . . t and (2,6(16)1 mean { ■ — }, 

1, = S' - 8 ' x 1, 15(16) ' x 1, forn = 2' - 3 > 5 J 

.2, for« = 7 (mod 16) > 23 , , 2, forn = (mod 16) > 16 \ 

( 1, forn = 15 (mod 16) > 15 ' ( unsettled, forn = 8 (mod 16) > 24 J , respectively. 



Here rj and r/ 2 mean exactly rj n G vr" +1 and r/ 2 G 7r" +2 , respectively. Hereafter we deal 
with the 2 primary components. Denote by %ol the order of a in a group. We recall 

(4) > 8, n ^ 12; 
2(4) > 6,n = 4, 12; 
1,3,5(8) >9, n^2 i '-3; 
7 (8), « = 2'' - 3 > 5. 

We also recall 

A(i>i n+k ) = if 7i > and k = 4,5. 
The following is one of the main results in [5] : 

Theorem 1.1 [i„, u 2 ] = if and only ifn = 4,5,7 (8) or ?i = 2'' - 5 for i>4. 

Let n = 7 (16) > 23. Then, there exists an element 5 n -i G ^2n-% satisfying 
(1-1) [in; = E 1 5 n -i and H5 n -i = <72n-i5 if ?! = 7 (16) > 23. 



if 7i 
if 7i 
if 7i 
if 7i 
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Table 2 



ct\r 





1 


2 


3 


4 


5 


6 


7 




2 


1 


1 


1 


2 


2 


1 




p 


32 


2 


32 


2 


32 


2 


32 




VP 


2 


2 


2 


1 


2 


2 


1, ^ 2' y - JS(2") 

2, = 2° - 18(2 9 ) 

> 2 10 - 18 




V* 


2 


2 


2 


1 


2 


2 


2,14(16) 


— 


vv" 




2 


1 


1 




2, 13(16) 


1 




v 2 p 


2 


2 


1 


1 


2 


1, ^ 2 J " - 19(2'") 

2, = 2 10 - 19(2 W ) 

> 2" - 19 


1 






2 


1 


2 


2 


2 


1 


1 




A 


2 


2 


2 


1 


2 


2 


2 




VP 


2 


2 


1 


1 


2 


2 


1 




V 


8 


2 


4 


2 


8 or 4 




4 




C 


8 


1 


4 


1, ^ 2 JJ - 27(2") 

2, = 2" - 21(2") 

> 2 12 - 21 


8 


1 


4 




a 


2 


2 


2 


2 




1,5(16) 


1,6(16) 






8 


2 


8 or 4 


2 


4 


2 


4 






1, 8(16) 


1,9(16) 


2 


1, 11(16) 


1 


1 


2 




VK 


2 


2 


2 


1 


2 


2 


1 




7] L K 


2 


2 


1 


1 


2 


1 


1 




va 


2 W 






1,3(16) 


1 


1 


1 




r) * a 


2 


2 


1 


1 


2 


2 


1,6(16) 






8 or 4 




4 


2 


4 


1 


4 




P 


16 


2 


16 


2 


16 


2 


16 




VP 


2 


2 


2 


1 


2 


2 


1, ^ 2 J3 - 26(2") 

2, = 2 13 - 2<S(2 1S ) 

> 2 1J > - 26 




7777* tj 


2 


1 


1 


1 


2 


1,5(16) 


1 






2 


2 


2 


1 


2 


2 


2 




v 2 p 


2 


2 


1 


1 


2 


1, ^ 2 J/ * - 27(2 14 ) 

2, = 2 14 - 27(2 H ) 

> 2 15 - 27 


1 






2 


2 


1 


1 


2 


2 


1 








1 


2 


1 


1 


1 


2 




Cs,. 


8 


1 


4 


1, ^ 2" - 29(2") 

2, = 2" - 29(2 15 ) 

> 2 16 - 2.9 


8 


1 


4 


1 



{*} The result holds if (iv, cr, iv) — 7777*0". 



f 1, n ^ 2 8 - 17(2 8 ); ( 1, n ^ 2 12 - 25(2 12 ); 

I 2, n = 2* - 17(2 8 ) > 2 9 - 17, ~~ 1 2, n = 2 12 - 25(2 12 ) > 2 13 - 25. 
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We recall 

(2) > 10; 
8; 

1 (2) > 9, 11, n ^ 15 (16); 
11, n = 15 (16). 

We also recall the elements r 2n £ 7r^ and T4,, G ^8," + 2> which are the 7 images of 
the complex and symplectic characteristic elements, respectively. They satisfy the 
following. 

Lemma 1.2 

(1) Et 2 „ = [i 2n+ i,i\,2T An+2 = [i4n+2, ??] and Ht2„ = {n + 1)t/4k-i ; 

(2) S 2 -?^ = T 4n+2 and Hf An = ±(n + l)z/ 8n _i ■ 

About the group structure of the stable £-stem tt£ for 23 < k < 29, we recall from [11] 
and [16] the following: tt| 3 = {p, uR, rfa} = Z l6 © Z 8 © Z 2 ; vr^ 4 = {r/p, 7777*0-} = 
(Z 2 ) 2 ; 7^ 5 = {r? 2 /?,^,*} = (Z 2 ) 2 ; n 26 = {rjp 3 ^,v 2 R} (Z 2 ) 2 ; " 
^27 = {C3,*} = Z 8 ; tt* 8 = {e^} Z 2 ; tt' 29 = 0. 

By Lemma 1.2(1) and the property of the Whitehead product, 

[<4n+2> f?«] =0 if 2a = 0. 

Especially, for the elements (5 = u, (, v* , £, uR, £3*, we know the relations 4/3 = 
r? 3 , r/ 2 /7, 7] 2 7]*,7] 2 u, T) 3 R, T] 2 fiT,^ . By the fact that H[i4 n+ 2, 2/3] = 4/3, we obtain 

(1-2) tf[M„ +2 , P] = 4 09 = v, C, *A C, Ca,*)- 

Let n = 3 (4) > 7. Then, by the fact that At,, o r/„_i = Ai] n = and 2r/ n _i = 0, a 
Toda bracket {At,,, r/ n -i , 2i} C 7r„ + i(50(«)) is defined. The following result in [5] is 
useful to show the triviality of the Whitehead product a] : 

Lemma 1.3 Let n = 3 (4) > 7 . Then, 

(1) {At„, ?y„_i, 2i} = 0; 

(2) A(E{r)„-i, 2l„, a}) = 0, if a G TTk(S n ) is an element satisfying 2l„ o a = 0. 
By Lemma 1.3, 

Aa = for a = e w , /x m , /2 m , /i 3)m (m = 4n + 3 > 3); Ar?4„ +3 = (n > 4) 
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and so, 



[i4n+3, a] = for a = e, p,, p,, p 3 * (n > 0); [t 4n +3, ??*] = (n > 4). 



By [10], 



UK, A*] 



2 if w = 0, 1,2(4) >4; 
1 ifn = 3 (4). 



By [3], [4] and [10], 

it[t»,C] 



f 8 ifn = 0(4) > 8; 

4 ifn = 2(4) > 6; 

2 ifn = 115(128) > 243; 

I, 1 if n = 1 (2) > 5, n ^ 115 (128). 

The results for the other elemens in the /-image and p -series are stated in the table. 



2 Concerning Toda's results [18, Chapter 11] 

We denote by P n the real n dimensional projective space and set P' k = p n /p k ~ l for 
k < n. Let : V'£ ^ P£ and p n mk : P£ -> P£, for < k < m < n be the canonical 
inclusion and collapsing maps, respectively. We set i\ = and p n k = p n n _\ k for 

k < n — 1 . We also set i m ' n = , p n m = p n m x . We write simply i for i k k ", i k and p for 
p£ , unless otherwise stated. 

Let i < An + k — 4. We consider the exact sequence induced from a pair 

^n-lpn+k^n-lpn+k-l^ ^ (H.H)] : 

TiC^ "n ) >7r i(^ F « ) >7r i+k (b ) >7T,-_i(£ P„ ), 

where /[ and are defined by the following commutative diagram: 

TTtiE"- 1 ^) — ^— •> TTi^"- 1 ^,^- 1 ^- 1 ) — ^— ■ tt,^!^"- 1 ?;;^- 1 ) 

= p*= = 

TT,.^"-'?^ 4 ) Tr,^ 2 "^- 1 ) TT,^!^"-'?;^*- 1 ) 

m- {17 n ~ ln»+h „ /e2«+2i— K _ (j?n— lnn+k— 1\ 

7Ti(^ ) *" 7T!+*(i ) " 7T;_l(il F„ ). 
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We denote by 

the characteristic map of the (n + l)-cell e n+l = P^ +1 — P£ for k < n. We set 

By [18, Lemma 11.8], 

A k (E k+l a) = X„ ik oa(ae vr,_i(5 2 ' l+ ^ 2 )) if i < An + k- A. 

We denote by = < j < s \ i = 0, 1,2,4 (8)}. By use of [18, Lemma 11.8, 
Proposition 11.9], we obtain: 

Proposition 2.1 

(1) Let k > 1 and i < An + Jc - 4. Assume that 

A, a oa = /*/3 m ^(^P^- 1 ) 

for a G vr 2 "!^ -2 and /3 G vr 2 "^ 1 . Then there exists an element 5 G 71-"+/ such that 
P(£* +3 a) = and ff* = ±E 2 p. 

(2) Let k>2,l>0,n = l (mod 2 W ) and i < An + it - 4. Assume that 

X n , k oa = hP in m^iE"- 1 ^- 1 ) 

for a G ^flf k ~ 2 and (3 G tt 2 "~[ 1 . Then there exists an element 5 G 71""+/ such that 
P(E k+3 a) = E k ~ l 5 and H5 = ±E 2 p. 

Although (2) is a special case of (1), it is useful in the later arguments. Hereafter 
Proposition 2.1(2) is written Proposition 2. l[n;k,l]. We investigate the case 4 < k < 8. 

For n > 2, we set W = E"- 2 P 2 . Let fj„ G [M n+2 ,S n ] ^ Z 4 and fj„ G ir n+2 (M n+l ) ^ 
Z4 for n > 3 be an extension and a coextension of r/„ , respectively. We know the 
following relations in the stable groups {P , 5°} and tt^P 2 ): 2fj = rfp and 2fj = irj 2 . 
We use the relations 

fjfj = ±2v = (r],2i,r]). 
Toda brackets are often expressed as the stable forms. 

From the fact that £ 2 P 3 = M 4 V S 5 , we take E 2 j 3 = 2si ± (E 2 i 2 > 3 )fj 3 , where 
S\ : S 5 £ 2 P 3 is the canonical inclusion. Since E 2 p\ o (E 2 i 3 ' 4 o s\) = E 4 i 1 ' 2 , we 
regard E 2 i 3 ' 4 o s\ as a coextension of E 3 i 1 ' 2 G 7T4(M 5 ) = Z2. Set 25 = is 2 / 3 ' 4 o s\ . 
Then, by the relation 

2(£ 2 / 3 ' 4 osi) = ±(£ 2 / 2 ' 4 )r? 3 , 
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we obtain vr 5 (£ 2 P 4 ) = {i 5 } Z 8 , where 2? 5 = ±(E 2 i 2 ' 4 )fj 3 [13]. We set ?„ +3 



£"" 2 z 5 S tt^s^P 4 ) Z 8 (n > 2). We use the relation in the stable case: 



7«E>4 



(2-1) 



21 = ±i 2A f). 



K-2,2 
An-3,3 = 



Notice that Proposition 2.1[n-2;2,Z] for I = 2, 3 coincides with [18, Proposition 11.10] 
and Proposition 2.1[n-3;3,/] for / = 1,3 does with [18, Proposition 11.11], respectively. 
In these cases, \ n -k,k £ ^2n-k-2(E" ~ k l ^ n n Z\) is taken as follows: 

" irj + li (n = 0(4)); 
iV (« = 1 (4)); 

2ri ± / 2 - 3 f/ (b = (4)); 
75,3 € (7,77, 2i) (n = 2(4)), 

where j = £"~ 3 zJ'l2 an( ^ i = E n ~ 4 i^Z^ n ~ • By use the last part of this formula, we have 
An-3,3 o a = j*/3 if (3 G (rj,2i,a). So, [18, Proposition 11.11 .ii)] is exactly interpreted 
as follows: 

Remark Let z < 4n — 2 and n = 3 (4). Assume that 2a = for a S 7r 2 " 2 and 
{r] 2n +\,2i,E 2 a} 3 (3, then P(£ 7 a) = E 2 (3. 



Hereafter we use [18, Proposition 11.1 1 .ii)] in this version. 
We use the cell structures 



(V 4 ) 



p 4 = p 2 Ujj p CM 3 ; 



S 2 U vp CM 3 



By CP 4 ), we obtain vr*(P 4 ) = {?'} Z 4 and vr*(P 4 ) = {I'r/} Z 2 , where f = pi and 
2i' = irj. Notice that 74 = ir\ and 74,2 



Now, consider the case k = 4. P"_{ has the following cell structures: 



yt— 1 
n— 4 



P 3 
r () 



5° V P 2 V S 3 (n = (4)) 
' - d2 ' 1 ™ 3 (n = 1 (4)) 



p5 

p6 

r 3 



P 2 CM J 



P 4 U r „ 

p5 1 1 _6 

r 3 u 75,3 e 



(n = 2 (4)) 
(n = 3 (4)). 



The following cell structure is also useful: 



p6 = M 4 U in CM 5 



In general, we have 
(2-2) 



72«+l,*r G (j,72n,ft,2i). 
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We obtain the following: 

7r*(P 3 ; 2) = {l, fj, u} Z © Z 4 © Z 8 ; vr*(P 4 ) = {mj, ii/} ^ (Z 2 ) 2 ; 
vr^(P 5 ) = {75} = Z; ^(Pf) = { 75j2 , ,V} ^ Z © Z 2 ; 
7i(H) = {75,3,^} = Z©Z 2 

where 

(2-3) 75 G (/ 4 ' 5 r,r/,26), 

75,2 £ ??)2i) and 75,3 G (i'i, 77, 2t) (/' = i*, i" = We also obtain 

<(Pf) = {4' 6 w,?V} = (Z 2 ) 2 . 

Remark The indeterminacy of the bracket (/", f'r/, 2t) is {/ 2 ' 5 ^} +27r*(Pf ) ^ Z 2 ©2Z. 
Since the squaring operation Sg 4 : // 2 (P 2 ; Z 2 ) — > //^(P^; Z 2 ) is trivial, we take simply 
75,2 £ f]-, 2i) , whose indeterminacy is 27Tj(P2). 

Notice that Pj = S 4 VM 6 VS 7 . Let s 2 : S 7 ^ P^ and t: M 6 V\ are the canonical 
inclusions, respectively. The cell structure of PJ^_ 4 is given as follows: 

(P 4 8 ) P 8 = P 7 u 7? 4 e 8 ( „ = (8)), 

where 

(2-4) 77 5 4 = 2s 2 ± tfj + ii/; 

(?f) P 9 = p| s e 9 ( p8 = £ 4 p4) „ = 1 (g))) 

where 

(2-5) 78)5 = irj + iV; 

Pi° = P* U 75 2+( -„ e 10 (P' = £ 4 Pi, n = 2 (8)); 

pi 1 = pi° u lV e 11 (P 7 ° = £ 4 Pf, n = 3 (8)); 

P 4 , (#1 = 4 (8)); P 5 = P 4 \J~ ir) e 5 (n = 5 (8)); 

p 2 = P 2 U 75 , 2 (n = 6 (8)); P^ = P^ V S 7 (n = 1 (8)). 

Notice that (P 7 n ) is obtained from the triviality of 710,3 : S w -> P^° = £" 8 P^. 

Let x(n) be an integer such that it is odd or even according as n is even or odd. Then 
we can set 



K-4,4 



x( n -^)iu 



(n 


= (4)); 


(n 


= 1 (4)); 


(n 


= 2 (4)); 


(n 


= 3 (4)). 
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Remark In the case n 



(4), exactly, 

J 2s2 ± tfj + if (n 
\ 2s\ ± i 2,3 f/ (n 



(8)); 
4 (8)). 



By Proposition 2.1, we obtain the following. 
Proposition 2.2 Let i < An and a G vr ; 2 "| 2 . 

(1) Let n = (mod 4) and assume that f\i n o a = 2a = 0. Then there exists an 
element 5 G 7if +/ such that P(E 7 a) = E 3 5 and 

H5 = x(^)u 2n+l (E 2 a). 

(2) Let n = 1 (mod 4) and assume that hn+ifjin+i °« = 0. Then there exists an 
element S G 7r"+/ such that P^a) = Z? 3 <5 and 

//5 = x(^)z. 2n+1 (L 2 Q). 

(3) Let n = 2 (mod 4) and assume that £ 2 "~ 3 75 ) 2 o a = 0. Then there exists an 
element 5 G 71""+/ such that P(E 7 a) = E 3 5 and 

H5 = x{'^)u 2n+x {E 2 a). 

(4) Let n = 3 (mod 4). Then there exists an element 8 G 7r"i such that P{E 1 a) = 
E 3 5 and H5 = x{^)v 2n+ i{E 2 a) . 

Notice the following: In Proposition 2.2(1),(3), the assumptions f\2 n ot = and 
£' 2n ~ 3 'y 5)2 o a = imply the relations r]2 n a' = and 2t2 n +i o a' = 2a' = 
respectively, where Ea' = a . 

For the case k = 8 , we obtain: 

Proposition 2.3 Let n = I (mod 8) and i < 4« + 4. Let a G 7r 2 "| 6 . 

(1) Assume that ■K2 n +6{E n ~ l ^ 1 +1 ) ° a = 0. Then, P(£ xl a) desuspends eight dimen- 
sions. 

(2) Assume that (TT 2n +6(E n ~ l K +7 ) - {i ° cr}) o a = for a G vr 2 "! 6 . Then there 
exists an element 5 G vr"^ 1 such that P(E li a) = E 1 5 and H5 = xa2 n +i(E 2 a) , where x 
is even or odd according as n = I (mod 16) or n = l + 8 (mod 16). 

Hereafter Proposition 2.3(2) is written Proposition 2.3[[n;8,r]] for r = I or I + 8. We 
introduce some notation. If [<,„, a] for a G 7r* desuspends k dimensions with Hopf 
invariant 6 G Tcj*L^Zj~_ 1 , that is, if there exists an element 5 G 7r^7^_ fc _i satisfying 



£*<5 = [i n , a] and //5 = 0, we write 



#(£-*[i n ,a]) = 0. 
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Then, immediately we obtain P9 = \_i n ~k- i,E (n ®6] = 0. 5 is written 

5 = 5(6) = E~ k [L n ,a]. 

By the fact that (t[i„, [l, l]] = 2+ (-1)" (n > 3) and [2, Corollary 7.4], [t n , ao/3] = 
[l„, a] oE n ~ l p for £ irf and so, 

(2-6) H{E- k [L n , ao(3\) = H(E~ k [L n , a]) o E"-*- 1 /?. 

If [t„, a] / 0, we write 

ff(£-*[ t „,a]^o) = 0- 
By Lemma 1.2 and by abuse of notation for a, we obtain 

Example 2.4 

(1) H{E- l [i 2n +\,a]) = {n+ l)r/ 4 „_ia (5 = T 2n a), [L 4n -i,<na] = 0. 

(2) H(E~ 3 [l 4 „ +3 , a]) = ±(n + l)f 8 „_iO! (5 = f 4n a), [i.gn-1, ^a] = 0. 

Notice that Example 2.4(1) induces [18, Proposition ll.10.ii)] and Example 2.4(2) does 
Proposition 2.2(4). 

First of all, we write up the results obtained from [18, Proposition 11.10]. 
Proposition 2.5 

(1) Let n = 0, 1 (4). Then, H(E~ x [l„, aj^o) = V a i for a\ = ry, r/cr, i>, e, p, k, r]p, r]*, 
p,,r]R,ri*a, p 3> * and //(£■" J |>„, q 2 ]) = for a 2 = r]e,i] 2 a,a 2 ,r]K,r] 2 p,a,ua,rjri*a, 
V 2 P- 

(2) HiE' 1 ^, /3]^o) = r](3 for (3 = r] 2 ,r]p,rjr]*,r]p,rj 2 K,r]p3 i *. 

(3) H(E- 1 [l 4 „ + i,5i]^ ) = r]5 x for 5 X = a,p,h,p and H(E- 1 [i 4n+1 ,5 2 ]) = for 

(4) IfU^n,^*] = 8, then [L4n+hVV*] + 0. 

Proof We prove (1) for k. By [18, Proposition 1 1.10], H(E~ l [i n , k]) = t/k. Assume 
that k] = 0. Then, by the EHP sequence, 5 G P^2n+U = {l L n-i,V K ]> Un-i, p]} 
for 5 = E^ 1 [i n , k] . Applying the Hopf homomorphism H : n 2 ~+ l2 ~^ n 2n+ 12 to tms 
relation implies 7]k = for n = (mod 4) and rjn G {2p} for n = 1 (mod 4). This is 
a contradiction. 

Next, we prove (2) for r/r/* . Let « = (4). By [18, Proposition 11.11], H(E~ l [i n , 7/77*]) 
= ^2^* _ 4^* -p ne assum ption [l h , r/r]*] = induces 5 6 ^"2"- 19 anc ^ a contradictory 
relation 4i/* = for (5 = is -1 [/.„, 7777* ] . The proof of (3) is similarly obtained. 
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Finally, we show (4). Assume that [t4 n +\, W*] = 0- From the fact that [i4„+i, r/rj*] = 
E(T4 n r]r]*) and the assumption |J[i4„, z/*] = 8, we have T\ n r\rf G {4[t4„, u*], [i4 n , rjp]}. 
This implies a contradictory relation 4u* = 0, and hence (4) follows. □ 

Hereafter, "the assumption [t„,a] = 0" is written "ASM[a\" and "a contradictory 
relation (3 G B" is written "CDR[f3 G B]". As an application of [18, Proposition 11.11], 
we show: 

Proposition 2.6 

(1) H(E- 2 [t4n+2,a]) G (v,2l,o) if 2a = 0, 

H(E~ 2 [i4 n+ 2, «i]^o) S (r],2t,a\) for a\ = v 2 ,Sa,a 2 ,\6p,a 3 ,Sp,v 2 K and 
H(E- 2 [i 4n+2 , a 2 ]) = for a 2 = W, ^> £, v 3 ,r]p, a, r]p~. 

(2) H(E- 2 [t4n, 0i]^o) G (2i,?7,/3i) for = 7]K,r] 2 p,r]f]*a . 

(3) //(£~ 2 [i 4 n, &]) = for /% = 4zy, 8a, 4£ o~ 2 , I6p, 4(, a, 4R, 4uk, 8p, 4( 3 ,* . 

Proof Let n = 2 (4). The first part of (1) is a direct consequence of [18, Proposition 
ll.ll.ii)]. By the fact that {r],2t,a 2 ) B rf (mod rjp) and [18, Proposition ll.ll.ii)], 

H(E- 2 [i n ,a 2 ]) = rj*. 

ASM[a 2 ] induces Ed G P-^+u = {[bi-i,ai]} = {E(r n - 2 a)} (Lemma 1.2(1)) and 
5 (mod T n ^2P,Tn-2V K ) e ^2n+i3' wnere ^ = E~ 2 [i, n ,(j 2 ] and a = 77K. Hence, 
CDR[if (mod Tjp) = 0] and the second part of (1) for c 2 follows. Next we prove 
the second part of (1) for z/ 2 k. By the fact that (i],2l,v 2 ) B e (mod r/a) and 
[18, Proposition ll.ll.ii)], H(E- 2 [l„, v 2 ]) = e and H(E~\L n , v 2 k\) = en by (2-6). 
ASM[z/ 2 k] induces E(5k) G Cs,*]} an d (mod r n _ 2 C3,*) G ^2n+25' wnere 

(5 = E~ 2 [t n , v 2 ]. By the relation 77(3,* = 0, we obtain 
CDR[eR = 0] . 

The third part of (1) follows from [18, Proposition ll.ll.ii)] and the fact that (77, 2t, a 2 ) 9 
0. By [18, Proposition ll.ll.i)], 

(o) H(E~ 2 [i4 n ,r]K]) = (2L,rj,rjK) = vk. 

ASM[rjn] implies E5 G Prt&+{ 5 = {E(T n - 2 rip),E(T n - 2 ri*)} and 

5 (mod r n -2rjp, r n _ 2 77*) G Pi^n+w wnere ^ = E~ 2 [i n , ■ Hence, 

CDR[uk (mod 7y 2 /9, 7777*) = 0] and the first part of (2) follows. By the parallel 

argument, the rest of the assertion follows. We use the following facts: (2l, 77, /3 2 ) = 

0; (77, 2i, I6/9) 3 p. (mod i] 2 p, 7777*); (t],2L,a 3 ) 3 t]* a (mod t] 3 R); (2L,r],r] 2 p) 3 

( (mod 20; (2t, 77, 7777*0") = u 2 R [6]. □ 
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By Proposition 2.6(2), we obtain 

(2-7) [i 4n+1 ,UK] = 

and [t4 n+ i, z^ 2 k] = 0. 

Here we summarize Toda brackets in 7r*(P 2 ) needed in the subsequent arguments. Since 
7ry(P 2 ) = {iv 2 } = 1*2 and 7Tj(P 2 ) = {fji] 2 } = Z2, the indetenninacy of the bracket 
(if?, 77, v) C vrg(P 2 ) is if/ o 7r^(P 2 ) + 7r£(P 2 ) o v = 0. We set v 2 = (if), fj, v) , which 

is a coextension of v 1 . Let a 1 G (i,2i,a 2 ) C 7Tj 6 (P 2 ) be a coextension of cr 2 and 
zz7 G {M 5 ,P 2 } an extension of zV G ^(P 2 ). Then, we show: 

Lemma 2.7 

(1) (if/, 77, v*) 3 a 2 a (mod it] 2 R, iva). 

(2) (iv,2t,a 2 ) = iv*. 

(3) (zV, 2t, 16p) = i(. 

(4) (iV,2 t ,7?*} = 0. 

(5) (w,fj,4i) =vr^(P 2 ). 

(6) (rjp,fjr] 2 ,ri} = 0. 

(7) (fjp, fjr] 2 , a 2 } 3 (mod fjrjp). 

(8) (iT/f/, 77, f) = ^ 2 ?/ = z'e, ^ 2 c = and z^ 2 = (77, ^, 77) . 

(9) (77, v, v 3 ) = ir]K. 

(10) v 2 r\rf = ir\rfo~ and (fjp, fjrj 2 , v*) 3 irjr]* a (mod fjr] 2 K). 

Proof Since (p, if), fj) = ±v and vv* = a 3 , we have p o (if/, 77, 1/*) = o -3 . This leads 
to (1). By the fact that v* G (v, 2a, a) and v o 7rf 5 = 0, we see that 

(iv, 2t, a 2 ) C (iv, 2a, a) 3 iv* (mod iv o 7Tj 5 + 7r'[ 2 (P 2 ) cr = jr/pcr}). 

We have p o (jV, 2i, a 2 ) = (p, iv, 2i) o <r 2 C 7r| o a 2 = 0, p(iv*) = and p(f)pa) = 
■qpa = 7/ 2 p. This leads to (2). 

We obtain 

(iv,2i, I6p) C (zV, 8i,4p) D i o (1/, 8i,4p) 9 if 
(mod zV o 7rf 6 + vr^P 2 ) o 4p = 0). 
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We get that 

(iu, 2b, rf) C (i, 2v, rf) D (i, 2b, 0) B (mod i*7r| + ^(P 2 ) o rf). 

Since ?7?7 2 ry* = 4fju* = 0, the indeterminacy is {i/e}. Hence, (4) follows from the fact 
that (77, iu, 2b) C 7Tj = and f) o iR = rjR. 

The indeterminacy of (iu, fj, 4b) contains W o 7r|(P 2 ) = {iu 2 } = 7r5(P 2 ). 
We obtain 

(77/?, r?ry 2 , t?) C (fj, 4u, 77) D (0, z/, 77) 9 (mod 77 o 71-5 + ^(P 2 ) o 77 = 0). 
We see that 

(fjp, fjrj 2 ,a 2 ) C (77, 4u, a 2 ) B (mod 7? o tt s u + vr^(P 2 ) o a 2 ), 
where irj(P ) o cr 2 = and 77V* = because (2b, 77, z/*) C {2k}. This leads to (7). 

By the equality (7777, 77, u) = e [5, Lemma 4.2], ifju 2 G 2(7777, 77, 1/) = is. This implies 
77Z/ 2 = e. We have is G (irjfj, fj, u) (mod 77777 o vr^P 2 ) + ^(P 2 ) o u = 0) and ^77 G 
i(2t, z/ 2 , 77) 9 is (mod z't/cj). Composing 77 on the left to this relation yields u 2 rj = ie. 
We have u 2 a = (if), fj, u) o a = if) o (77, z^, cr) = 0. Since p o (77, u, 77) = z/ 2 , we can set 
(fj, u, 77) = u 2 + aia for a G {0, 1}. By the fact that 77770 (77, u, 77) = (7777, fj, u) 077 = r)E 
and 77t7(z^ 2 + az'cr) = rje + a77 2 cj, we have a = 0. 

By the relations v 3 = rju, (2b, u 2 , u) B i]K (mod 2p) and (8), 

(77, u, u 3 ) D (77, v,rf) o u = u 2 u G z(2z., z^ 2 , z>) = /77K 

(mod 77 O 7Ti 3 + vr^P 2 ) OI/ 3 = 0). 

By (8) and [11, (6.3)], u 2 r]rf = ierf = ir\rfo~. By the fact that 27777 = ^t/ 2 /? = irjfj o z't7, 
p*7r| 4 (P 2 ) = vr| 2 = {t7 2 k, z/(j} ^ (Z 2 ) 2 and (1), 

(77P, t7t7 2 , u*) D (fjrj p, fj, v*) D if]fj o (z'77, 77, z/*) 9 ^7777* cr 

(mod fjp o vr^ 4 (P 2 ) + 7T^(P 2 ) ou* = {fji] 2 R}). 

This leads to (10). □ 

We recall from [12] that {P 4 , 5°} = {77'} ^ Z 8 and 

(2-8) fj'l = u, where 77' G (77, fjp,P4,i)- 

We obtain the following. 
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Lemma 2.8 

(1) vr*(P 4 ) = {^2, iu 2 } ^ (Z 2 ) 2 and vr*(P 6 ) = {fj', iv 2 } ^Z 8 eZ 2 , where ^ G 
(i 2 ' 4 ,fjp,fjr] 2 } , fj' G (i 4 ' 6 ,tfj,fj) and At) 1 = i 4,6 fjr] 2 (mod zV 2 ). 

(2) vr^(P^) = {??"} ^ Z 8 , where 77" = p^f. 

(3) vr*(P 4 ) o 7? = vr*(P 4 ) o a 2 = and vr*(P 6 ) o a 2 = vr^(P^) o a 2 = 0. 

Proof (1) is just [12, Proposition 4. 1]. (2) is obtained by use of the cell structure fPf) 
and (1). The first two equalities in (3) are obtained by Lemma 2.7(6),(7) and the relation 
i 2,A f}p = £ {M 3 , P 4 }. To show the next two equalities in (3), it suffices to prove 
(tfj, fj, a 2 } 3 0. By (2-1), the relation (77, v, a) = and the second equality in (3), 

(ifj, fj, a 2 ) C (?, 2u, a 2 ) D (i 2,4 fj, v, a) o a B (mod 1 o 7rf 8 ). 

We have 2w* = j 2 > 4 7>* = 0. By the fact that {M 6 ,S°} = {u 2 p} °* Z 2 , (2-8) and (1), 
fj' o ?>* = a 3 , fj' o (£77, 77, cr 2 ) = (t/', 777, 77} o a 2 and 8(77', W7, fj) = (8i, 77', ifj) o fj C 
{M 6 , 5°} o = 0. This implies (77', 777, 77) C 27Ty and fj' o (£77, 77, a 2 ) =0. □ 



We show: 



Lemma 2.9 

(1) ff(£- 3 [t 4 „,a]) = 1+( ~ iy, t/a for a = 4v,v 2 ,%a,v i ,4C„ I6p, 

vk, 4v*,4£, a,4R,4uR, Sp. In particular, H(E [is n , a]) = z^a for a = v 2 ,vk, 
a, 4k. 

(2) H(£- 7 [t 8 „, /3]) = for /3 = 8cr, 16p, 8/5. 

(3) //(£- 7 [ i8 , 1 ,a 2 ]) = 0or(T 3 . 



Proof (1) is a direct consequence of Proposition 2.2(1). Let n = (8). We 
have P^I 8 = E n -^l and 7„_i, n _ 8 G 2vr*(S 7 ) © vr*(P 6 ) © vr*. By Lemma 2.8(1), 
An-8,8 o/3 = 0. Hence, by Proposition 2.3[[n-8;8,0]], [i n , (3] desuspends eight 
dimensions. Similarly, by Lemma 2.8(3) and Proposition 2.3[[n-8;8,0]], A„_8,8°o" 2 = 
or z'<7 3 . □ 

By Lemma 2.9(1), 

(2-9) [>8»+4, vdr\ = 0. 

We need the following. 
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Lemma 2.10 H(E 5 «]) = for a = rj, e, v, /i, k, rf, uk, fi, a, t]k, va, 
^3,* ■ 

Proof We show the assertion for a = rj,£,fJL,K,ri*,a. Let n = 6 (8). In Propo- 
sition 2.1[n-6;6,0], P'*Z l 6 = E"- 6 P 5 . We take A„_ 6 ,6 = 7s- By (2-3) and (2-1), 
7577 = ±i 2,5 f)v = 0. We obtain 756 = 0, because (77, 2t, e) = {rje} . By the fact that 
(77, 2t, (j) = ±2C and (2t, 77, C) = 0, 

75/i G / 4 ' 5 7 o (77, 2i, /i) = / 2 ' 5 ?K = 0. 

By the relation (77,2^,77*) 9 ±2^* (mod 77/x), wehave 7577* = i 1,5 fju* = 0. By the fact 
that (77, 2t, k) 3 (mod 77/?) and (77, 2t, ct) B (mod 77^), we obtain 75K = 75CT = 0. 
By the parallel argument and (2-6), the assertion holds for the other elements. □ 

Immediately, 

(2-10) P^X\l C E\*l + n- 

Hereafter we use the following convention. 

Convention 

In the EHP sequence arguments: 

(1) Higher suspended elements in a relation are omitted. For example, in a relation 

E k 5 G { [i n - 1 , /3] , [i„- 1 , 7] } , if 1,7] = i?V for some element 7' and l> k + I, 
then [tn-1,7] is omitted. 

(2) Elements of order 2 having independent Hopf invariants in a relation are omitted, if 
other elements are suspended. For example, in a relation E 8 ( mod 5\) G {[i n , /3]} (k > 
1), if 25\ = 0, H5i 7^ and H[l„, (3] = 0, then 5\ disappears in the relation. 

Now, we show the following: 

Proposition 2.11 (1) H(E~ 3 [t &n+3 , a]) = 0ifva = 0. 

(2) //(£" 3 [i 8 , 1+3 ,/3]^o) = vj3 for [3 = k,u* ,a,R,VK. 

(3) #(£~ 3 [> 8 , 1+ 3, vk]^) = 4k if tt[t 8B , R] = 8. 

Proof By Example 2.4(2), it suffices to prove the non-triviality in (2) and (3). We 
show it for v* . Let n = 3 (8). By Lemma 1.2(2), [l„, v*] = E 3 (f„_ 3 i/*). ASM[v*] 
and (1-2) for C induce £ 2 (f„_ 3 i/*) G {[«.„-!, a]} C E 3 n^ l3 (Proposition 2.6(1)), 
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E(T n - 3 v*) 6 = {£(t„-3k)}, t„_ 3 ^* (mod t„_ 3 k) G /V^g and hence, 

CD/?[<T 3 (mod 77 k) = 0] . By the parallel argument, (2) for the other elements follows. 
We show (3). Assume that E 3 (f% n VK) = [i 8 „+3, z^k] = 0- Then, E 2 (f% n VK) G 
{Usn+2, 4i/*], [ig n+ 2, rj/x]} = and 

E(f% n vK) G {Usn+bCLUsn+b 5 ']} = {E{t u Q, E(T &n a)} . This and the assumption 
tt[i8«, k] = 8 imply f 8 «z//c + ar 8 „C + br in a G {4[t 8n , «;]}. Since r]( = rja = 0, we get 
CDR\v 2 k = 0]. □ 



Immediately, 

By Proposition 2.2(3), we have: 



[t 8 „ +7 ,cr 3 ] = 0. 



Lemma 2.12 //(E [i4„ + 2,a]) = y 2 ' vol for a = D,s,k,uk,p ' K,a,va. In 
particular, H(E~ 3 [i& n+ 2, = vol for a = k, uk, v 2 K,a. 

Immediately, 

(2-11) U8n+6, VK\ = 

and va\ = 0. 

We need the following: 



Lemma 2.13 

(1) H(E~ 3 [t4 n+ i, a]) = -^Y^- va for a = u, z/ 2 , i/k, v* ,a, v 2 n, 

va, uR and H(E~ 3 [u n+ i, /5i]) = H(E~ 3 [t 4 „ + i , rjfh]) = for (3\ = £ (, (3,* I 
02 = M) A) ^3,* ■ ^ n particular, H(E~ 3 [ig n+ \ , a]) = z/a for a = v, z/ 2 , uk, v*,a, 
U 2 K, vR. 

(2) H(E~ 4 [l%„ + 5, <5i]) = for Si = r] 2 ,v,r] 2 a,r}s,ri 2 p,vK,rip,r]r}* ,rjp,. 

(3) //(£~ 4 [i 8 , 1+ i,<y) = for 5 2 = u 3 ,r] 2 a,a 2 ,r] 2 p,ua,riri*a 1 r] 2 p,v 2 K. 

(4) /Y(£- 6 [ i8n+5 , 77 2 5 3 ]) = for 5 3 = P, P- 



Proof (1) is a direct consequence of Proposition 2.2(2). Let n = 5 (8). Then, 
P^~i = £ , " _5 Pq and we can take A„_ 5 5 = By the relations r/Si = 0,4? = z'77 2 (2-1) 
and rj5 = (S = u, £, v*,Q, we have A„_5 5 o Si = 0. Hence, Proposition 2.1[n-8;5,0] 
leads to (2). 

In Proposition [n-5;5,4], P^ = E n ~ 9 V\ for n = 1 (8). By (T>f), we have 
(*) vrg(P!) = *'*V 8 (Pl) = {i"j2»7, i"»V} = (Z 2 ) 2 (/ = 4' 7 , i" = if). 
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So, we take 

(2-12) 7 M = i"(s 2 r] + tiv) 

and A„_5 i5 o 5 2 = 0. 

In Proposition 2.1[n-7;7,6], V n n Z\ = £"~ 13 P^ 2 for n = 5 (8). Since P^/P 7 , = P 8 2 = 
£ 8 P4, we have pg^(A„_ 7)7 ° r, 2 ) G vr*(P 4 ) o V 2 = and A„_ 7 , 7 o r, 2 G # 12 ,7rJ 4 (P£. 
Hence, by the fact that 7Tj 4 (Pg) = 7Tg © 7r 7 ' and 7Tg o <5 3 = 7r 7 ' o 5 3 = 0, we obtain 

An-7,7 ^3 =0. □ 

By Lemma 2.13(1), we obtain 

(2-13) U 8;1 +5,cx 3 ] =0, 

[i 8 «+5, VO\ = 

and 

(2-14) P<:tl l+k c £ 3 <; 2 6+ , (t = 0, 1). 

We also note the following. 

Remark //(£ ,_3 [tg„ + i, z/k]) = u 2 k, while [tgn+b f«] = (2-7). 



3 Concerning Nomura's results [15] 

In this section, we recollect Nomura's results [15], prove a part of them by using 
Proposition 2. 1 and add results needed in the next section. By use of the cell structures 
of P^Z fc , we determine some group structures of n s n _ 1 (P"l yt ) for 4 < k < 8, which 
overlap with [17, Section 3]. First we show the result including the known one [15, 
4.10;18]. 

Lemma 3.1 H(E~ 7 [Lie n +3, c]) = o 2 and //(£ ,_7 [ii6n+jt, a 2 ]) = a 3 for k = 0, 1, 3, 7. 

Proof Let n = 0(16). By (1-1), cr 2 ] = <r n o[i n+1 , t] = E 7 (a n - 1 6 n ) and #(cr„_ 7 5 n ) 
= a| n _ 15 . Let n = 7 (16). By (1-1), [i„,a 2 ] = £ 7 (<5 n _ 7 <r) and H(S n - 7 a) = a\ n _ l5 . 
Let n = 1 (16). We have P£j = £"- 17 p£ 6 and P^ 2 = £"- 17 P^ 5 = £"" 9 P 7 = 
E n-9 p 6 v 5 n-2_ By i nS p ect i n g [\2, Proposition 4.3], 

^) = {f,\^,i 2 K 2 M = ^2)\ 
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where w £ (/ 4,6 z, 77, iV) and w o cr £ (/ 4 ' 6 2, 77, zV) o cr = z' 4 ' 6 ? o (77, zV, <r) = 0. So, 
by Lemma 2.7(8), vr*(P 6 ) o a 2 = {ia 3 }. Since : 7r| 6 (P^ 6 ) -> vr* 6 (5 16 ) is trivial, 
7r^(pi6) = /^(P' 5 ). This implies (vr* 6 (P^ 6 ) - {/a}) o a 2 = and hence, by 
Proposition 2.3[[n-8;8,9]], the assertion follows. 

Next, let n = 3 (16). In Proposition 2.3[[n-8;8,ll]], = E"- n P l 3 °. Since 

{£P 4 ,P 2 } = {ifj',fjfjp 4 ,iup} °* (Z 2 ) 3 , P] = Pf V S 7 and Sq 4 is trivial on 
// 3 (pS;Z 2 ), we can take Pf = M 4 U ifj > C(£ 3 P 4 ). From the relations fj'ir] = and 
fj'iv = v 2 (2-8), we obtain 7Tg(P|) = {I77, w } and ^(P®) = {£7777} = Z2, where 

W7 £ (i',fj',lrj) and £/' £ (i',fj',iv) (/' = z' 3 ' ). 

By (2-5), we obtain 

78,3 = W? + H''- 

By the fact that vr£(P 4 ) = {w/} ^ Z 2 and (2-8), we obtain (77', iu, 77) = tt| = {z^ 2 } and 
/t' / ?7 £ i' o (77', iV, 77) = {/V 2 } = 0. Hence, 

78,3^7 = W) 

and 7rf (pi°) = itSodl) = = C" = 4'V = 't 8 )- 

Therefore, by Lemma 2.7(8), (^(P^ ) — {ia}) o a = 0. This implies H(E~ 7 [l„, cr]) = 
a 2 and H(E~ 7 [L n , a 2 ]) = a 3 (2-6). □ 

Immediately, [ti&i+ll , ^ 2 ] = 0, Ui6«+/t,o" 3 ] = (k = 8, 11, 15) 

and 

(3-1) Ul6„+9,<T 3 ] =0. 

Next, we show the following [15, Table 2, 4.15;16]. 
Lemma 3.2 

(1) //(£- 4 U 8 „+4, 16/3]) = C 

(2) //(£~ 5 [i 8 , 1+3 , z/k]) = tj 2 k. 

(3) H(E- 6 [t &n ,u 3 ]) = riK. 

Proof Let n = 4 (8). In Proposition 2.1[n-5;5,7], P^I* = E n ~ n V\ l . Let 2i £ 
(/', iu, 2l) (i = z' 7 ,' 10 , f = /y 1 ) be a coextension of 2i in CP7 1 ). By Lemma 2.8, we can 
take 

(3-2) 7„ , 7 = 2/, + 4 1 7f. 
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By Lemma 2.7(3), A„_5.5 o 16p G i' o (zV, 2l, I6p) = i(. 

In Proposition 2.1[n-6;6,l], P"lg = E n ~ n Vf for n = 3 (8). By the cell structure 
(V 4 ), we obtain {M 5 , P 4 } = {?fy, i 2,4 w} = Z4 © Z2, where 2zr/ = zr/ 2 /?. Since 5^ on 
fi 9 -*^ ; Z 2 ) is non-trivial for k = 2,4, 

(7 ,10 } plO = p8 u__ + . M? _ CM 9 (p 8 = £ 4 p4) _ 

From the natural isomorphisms 7r| (P^°) = 7rf (P|) = vr£(P 4 ) = {w/} = Z 2 , we obtain 

TrfoOf) = {/'«/} = Z 2 (/' = / 5 8 ' 10 ), 

(3-3) 710,5 = i'w 

and 

(P 5 n ) P^P 10 ^ 11 . 

Hence, by the relation 4k = v 2 k and (2-1), A„_6,6 vk = 4i / ?« = /r/ 2 K. 

In Proposition 2.1[n-7;7,l], P^I 7 = £"- 8 P 7 for ra = (8). Let s 3 : S 7 ^ P 7 = P 6 V S 7 
be the canonical inclusion. Then, we take 

(3-4) 77 = 2s 3 + i 6 ' 7 fj'. 

By Lemma 2.8(1), ff o v 3 G / 4)6 ° (?77, »7, ^ 3 ). By (2-1) and Lemmas 2.7(6),(9), 2.8(3), 
(ifj, fj, v ) C (1, 2b>, v 3 ) D i' 2,4 o (fj, z/, i/ 3 ) = /r/K 
(mod 1 o 7rf 3 + 7r 7 XP 4 ) o r\v = 0). 
Hence, \ n -i^ o v 3 = zt/k. □ 

Immediately, 

Usn+7,C] = [^8,1+5, ?? 2 K] = [tgn+l,^] = 0. 

By the way, the argument in [5, Section 4] implies that Ah : tt$„ + io(S ) — > 
7T8n+9(5p(2n + 1)) is trivial on the the 2 primary component and 

A(rjj n+5 R) = 4i*A H (K8„ +7 ) = 4A h (i/ 8 „ +7 )z/k = 0, 

where Ae is the the symplectic connecting map and i : Sp(2n + 1) SO(Sn + 7) the 
canonical inclusion. 

The non-triviality of [i% n , u 3 ] is proved in [5]. 

Now we show the following result overlapping with [15, 4.12]. 

Lemma 3.3 H(E^ 4 [is, n +4, c 2 ]) = v* and H(E~ 5 [Ls n+5 , a 2 ]) = a. 
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Proof In Proposition 2.1[n-5;5,7], V n n Z\ = E n ~ [2 P 7 l for n = 4 (8). By Lemmas 
2.7(2), 2.8(3) and (3-2), A„_ 5 , 5 o a 2 = i'(w, 2c, a 2 ) = iu* . 

In Proposition 2.1[n-6;6,7], V n n Z\ = E"- 13 P 7 2 for n = 5 (8). We see that {M 1 ,Pf} = 
{i'w, i'fjfj, fj"p} - (Z 2 ) 3 (i 1 = i 4 /). By (P 7 n ), we have 

{V) 2 ) Pj 2 = P 7 ° Ui'w+fj"p CM 11 

and tt\ 2 (V 1 7 2 ) = {irj,i"iu} = (Z 2 ) 2 , where vq G (i" ,i'W + fj"p,irj) (i" = i) 0,12 ) and 
w G (i',fj,w) G ir s n (P 7 °). Since (i" ,i'w + rj"p,irj) D (i" ,(i'w + fj"p) o i,rj) = 
(i", i'iu, rj) D v, rj) , we can choose vq such that 

C n f _ ; •/// \ / •/// •//•/• •7,12x 

-5) 17] £ {l ,U,rj) (I =111 = i 7 ). 

From the fact that Sq A is trivial on // 9 (Py 3 ; Z2), we take 712,7 = vq and 

vq o a 2 G o (z/, 77, cr 2 ) = /'"ct (mod 0). 
This implies A„_6,6 o er 2 = /'"cr. □ 

Immediately, 

[l*n+7,l>*] = [^i+7,0-] = 0. 
Next, we prove the following [15, 4.13;14;16,Table 2]. 

Lemma 3.4 

(1) H(E- 5 [Ls n+2 , V ]) = v 2 . 

(2) H(E- b [i Sn+uV 2 ]) = £. 

(3) //(£- 5 [ i8n+2 ,77*]) = a 3 . 

(4) //(£- 6 [ t8 „ +1 , W *]) = 77*a. 

(5) H(E-% &n+6 , K ]) = K. 

Proof In Proposition 2.1[n-6;6,6], Pjjj = E n ~ w P 9 4 for n = 2 (8), vr^P 9 ) ^ vr^(P 9 ) ^ 
Z(P|) and 79,4077* G j'"o( 78) 4, 2i, 77*) (/'" = j|) (2-2). By the relations (p, i,2i) = ±t, 
(iu, 2l, rj) = 0, (2-4) and (2-12), we have 2i"s 2 = i"{iv ± tff) (i" = if) and 

(78,4,2^,77) C (i"s2T],2i,rj) + (i"tiu,2L,r]) B ±2i"s 2 v = iv 2 

(mod i""(j 2 T7 + ftV) o 7^ + 7r£(P*j) o 77). 

The indeterminacy is trivial, because tt^(P^) = {i"s 2 r] 2 } = 7L 2 and i"s 2 r] 3 = 4i"s 2 u = 0. 
This implies \„-6,6 V = iv 2 . 
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In Proposition 2.1[n-7;7,2], P^} = E n - 9 V\ for n = 1 (8). We obtain {M 5 ,P^} 
= {t% w} ^Z 4 eZ 2 , <(Pg) = Z 2 (/' = 4' 6 ) and 7r 7 (Pf) = {?)'"} ^ Z 8 , 

where rf" € (i',tfj,fj) and 2rf" G (i f , irjfj , fj) (i = i 2 /*). We also obtain {M 7 ^} = 
{/'fV, f/'"p} = (Z 2 ) 2 . By the cell structures 

p6 = p4u-,_ CM 5 and pf = Pf U n „, p CM 1 , 

we have vr^(P^) = {fjf% w" , i'lv 2 } °* (Z 2 ) 3 and Trf (P§) = {f'rj} Cvr^P^), where 
w" G {i'i',fj,iu}, i'" G (i",fj"'p,i) (i" = i 6 /) and 2i"' = i"fj'" [12, Proposition 4.2]. 
We can take 7s )2 = i"r} (mod ^^(Pf))- Since w o 7/ G i'l! o (77, iu, rf) = i'l'v 2 , we 
obtain w orj 1 = 0. By Lemma 2.7(8), 7s, 2 orj 1 = 2i"ff"v G o (jjyfj, 77, z/) = is. 

By the same argument as (1) and by Lemma 2.7(4), A„_6,6 ff = ia 3 . By the same 
argument as (2) and by Lemma 2.7(1), 78,2????* = ir]*a. 

Since (77, 2i, «) 9 0, we can choose a coextension R G 7r| 6 (P 2 ) satisfying ?/«; = 0. 
Notice that (u,rj,rjK) = ±2R and (v,fj,R) = db«. In Proposition 2.1[n-7;7,7], 
P^i = £"" 14 P 7 3 for n = 6 (8). By use of (V) 2 ), we get that 

^Yi^l ) = {lVV, l V t] ,llT} = (Z 2 ) (l = I 7 ' ). 

We obtain vqrjK G i w o (i/,7/, t/k) = 2i/c = 0. By (3-5), there exists an extension 
jfy G (i f ",iy,fj) of 712,7 = if). By (2-2), we obtain 713^ o k G z 7 3 o (j 12 j,2l,k) 3 
ijifjR (mod 4 3 * 7r l3(^ > 7 2 ) ^ = 0). We obtain ifjR G i'" o (v,fj,R) = iR (mod i" o 
{M 6 , 5°} o k = {z"z/ 2 k} = 0) and hence, A„_7 i7 o k = iR. □ 

Immediately, 

[i8n+4, O- 3 ] = [i-8n+2, = [i&n+l, = 0. 

Given an element a G -Kk{S n ), a lift [a] G iTk(SO(n + 1)) of a is an element satisfying 
p n+ i(R)[a] = a, where p n+ i(R) : 50(« + 1) — ► 5" is the projection. A lift [a] exists 
if and only if Aa = G vr*. i (S0(n)) . Let n = 7 (8). We know Au n = [9]. Note the 
fact that Ak„ = [5, Section 5] is obtained by constructing a lift of k„ is given by 

[K n ] G {[f n ], fj, i>} C iT n+ u(SO{n + 1)) (p : a coextension of v). 

By the parallel argument, lifts of a n and R n are taken as follows: 

[a n ] G {M,r/,cj 2 } C 7r M+ i 9 (56>(?i + 1)); 

[R n ] G {M,^, £} C 7r M+20 (5O(?i + 1)). 

Hence, 

A08,j+7 = Ak 8b +7 = 0. 

We need the following result overlapping with [15, 4.14]. 
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Lemma 3.5 

(1) H(E- 6 [L Sn+3 ,a]) = Oifva = 0. 

(2) H(E~ 6 [L8, 1+ 4k, 4v*Y) = 7777V or according as k = or 1 . 

Proof In Proposition 2.1[n-7;7,4], P^ = /j"- 11 ?! for n = 3 (8). We have 
{P 4 , S 1 } = {rjfjp 4 , up} = (Z2) 2 (p = p\), Tjfjpj o (Ifj + i 2 ' A w) = rf"fj and /? o {if) + 
(z 2 > 4 )n7) = 0. So, by the fact that {M 5 ,S } = and (P 5 1() ), p is extendible on 
p G {PjV 8 } and {P^°,5 5 } = {i/p} Z 2 . Hence, 

£P^° = S 5 U u - P CPf. 

Since (ifj + (z' 2 ' 4 )n7) o zV = zV 2 , we have z'zV 2 = in ^(P^ ) (/' = i^ 10 )- 
By Lemma 2.7(5), (i 2 ' 4 Tv,fj,4L) D i 2 ' 4 o {w,fj,4i) = {zV 2 }. So, by (P 5 10 ) and 
Lemma 2.8(1), ^(P* ) = {77^} 2* Z 8 , where t? 717 G (?,5*j + i 2 ' 4 uP,fj) and 47/ /y = 
/'f/r/ 2 . By the fact that (//, ifj, 77) = ±z/ (p' = pj) an d 

{p, i 2 ' 4 w, 77) C (/?', 0, r7) 3 (mod // o vr*(P 2 ) + {P 2 , 5°} o 77 = {>}), 

we obtain p o f) 77 = ±1/. So, by (3-3) and the relation p o z''£ = (/'? G ^(P^ )), 
we conclude that -^(P^ ) = {i'tv} = Z2 and 710,4 = i'iv, where i'% G vr^P^ ) is a 
coextension of i'l. This leads to (1). 

In Proposition 2. l[n-7;7,l], = £»- 8 p 7 forra = 0(8). By (3-4) and Lemma 2.7(10), 

K-7,i°4v* = i 4 ' 1 f]r\ 2 v* = i 2 ' 7 o (fjp,fjr] 2 ,i>*) = irjrfa. Hence, \-uo4v* = 17777*0". 

In Proposition 2.1[n-7;7,5], P^z) = £" -12 P^ for n = 4 (mod 8). By use of (P 5 n ), we 
can take 

(3-6) 711,5 = i"fi IV + 2t, where 2t G (/", 2t) (/" = # , i'" = ij 11 ). 

By Lemma 2.7(10), 77^ o 4z^* = z'f^ 2 01/* = /7777V. By the relation 2t o 77 G 
z'" o (?iy, 2t, 77) and Lemmas 2.7(8), 2. 8(3), 

(w, 2t, 77) C (z, 2u, 77) D (i'jy, rj) 3 i 2,4 u 2 (mod ^(P 4 ) o 77 = 0). 

Hence, 2t o 77 = z'"z 2 'V and 2t o 4v* = i'"i 2 > 4 v 2 r)rf = irjrfa by Lemma 2.7(10). 
Thus, by (3-6), A„_ 7i7 o 4v* = 0. This leads to (2). □ 

Immediately, 

[t 8n +i, 7777V] = 0. 
Finally, we need the following [15, 4.8;9; 10; 1 1 ; 16; 17;18] . 
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Lemma 3.6 

(1) H(E~ 6 Uz n+5 ,7 ] K]) = r ] R. 

(2) H(E- 6 [t Sn+4 , UK]) = UK. 

(3) H(E-% Sn+2 ,4R]) = u 2 R. 

(4) H(E- 7 [L l6n+H , j/*]) = rfa and //(£- 7 [t 16 «+i3, = VV**- 

(5) //(£- 11 (Ui6n+5,H) = a 2 . 

(6) H(E- 13 [i 16n+3 , v 2 ]) = a, H(E- n [L l6n+2 , V a]) = a and 
H(E~ l3 [i l6n+l ,u 3 ]) = va. 

Immediately, 

l>8«+6, rjK\ = [lgn+5, l/K] = [tg n+ 3, U 2 R] = [M6«+9, cr 2 ] = 0, 
[M6«+5,0-] = [>16n+6,^] = [>16«+3, = 0l6n+6,V cr ] = [>16b+5> = 0. 

4 Completion of the proof of Main theorem 1 

First we show: 

Proposition 4.1 [t n , a 2 ] ^ forn = 4, 5 (8) or n = 0, 1, 3 (16). 

Proof By Lemma 3.1, we can set [/,„, a 2 ] = £ i and H5 = a 3 . Let n = (16). By 
[1], [t„_i, desuspends seven dimensions. So, _4,SM[<7 2 ] implies £ 5 (5 G ^2n+i3 c 
£ 6 vr^ 5 (2-10) and £ 4 <5 G ^2^12 • By Lemma 2.13(2), [L„- 3 ,a] for a = 
•qrf , 7] 2 p, uk desuspends five dimensions. Hence, by the relation H{E~ l [i n - 3 , JX\) = rjp,, 
we have E d G {[i n -4,4u*], [i n -4, T]p,]}. By Lemma 2.9(1), [t n _4,4i/*] desuspends 
four dimensions. Therefore, by the relation //(E [i„_ 4 , r]jl]) = 4( (Proposi- 
tion 2.5(2)), E 2 5 G {[t„-5,Cl. K-5,°]} C E 3 -kI~1 5 (Proposition 2.11(2)). Hence, 
E5 G {[^_ 6 ,4k]} C E 2 TT n 2 ~l 5 (Proposition 2.6(1)), 5 G Ptt^ 3 and CDR[a 3 = 0]. 

Let «= 1 (16). ASM[cr 2 ] implies E 6 5 G { [i„_i ,??«], [i„_i, 16p]}. By Lemma 2.9(2), 
[i„_i,16p] desuspends eight dimensions and E 5 5 (mod Ef3) G P^2n+i3 = f° r 
/? = £- 2 [t, 1 _i,r ? K]. So, by (o) £ 4 <5 G Ptt 2 ^ C £ 6 tt 2 V+4 (Lemma 2.10), E 3 5 G 
C £ 4 ^; + 8 5 (Lemma 2.13(1)), E 2 5 G {[i„- 5 ,4C], [ tfJ _ 5 , ?]} C £ 3 vr^ + 8 5 
(Proposition 2.6(3)), £(5 G {[i n -6>S]} C ^^2,7+4 (Proposition 2.11(2)) and hence, 
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Let n = 3 (16). ASM[a 2 ] implies E b 5 G {[i„-u 16p]}. Since ff(£~ 2 [i n _i, \6p]) = p 
by Proposition 2.6(1), E 5 5( mod Eft) G P*%+1 3 = {E(.T n - 3 r)p), £(r„_ 3 ??*)} for A = 
E~ 2 [i n -i,l6p], So, £^(5 G {[i n _3,Q!]} for a G 7rJ 7 . We obtain 
^(^ _1 [in-3) A]) = W (Proposition 2.5(1)), H(E- l [i n ^,r,r,*]) = tfrf (Proposi- 
tion 2.5(2)), H(E~ 2 [L n ^T,,r] 2 p]) = x((x : odd) (Proposition 2.6(2)) and H(E~ 3 [l,,- 3 , vk\) 
= u 2 k (Lemma 2.9(1)). This induces E 3 5 (mod E(3 2 ,E 2 5i) G Pt^+u = for ft = 
E~ 2 [L„-3,ri 2 p] an d 8\ = ZT~ 3 [i n _3, uk]. Hence, by (1-2) for £, £ 2 5 (mod £<5i) G 
{[i„-5, o-]} C £ 6 vt2~+2 (Lemma 2.10), E5 G {£(t„_ 7 k)} and CDR[5 (mod t ;i _ 7 k) G 

p„2n-13-i 
r7T 2n+8 J- 



Let n = 4 (8). Lemma 3.3 and ASM[a 2 ] imply £ 3 5 G ^tt^"^ = {[t„_i,p]} C 
£ 4 vr^ 8 (Proposition 2.11(1)), for 5 = <5(i/*) = E- 4 [l„, a 2 ]. By Proposition 2.6(1), 
H(E~ 2 [L n -2,V*]) = 2^* and [i n -2)W] desuspends three dimensions. This in- 
duces £(5 (mod ^Ji ) G {[t»-3, a]}, where S\ = 5(2u*) = E~ 2 [t n -2,r]*] and 
a = rj 2 p, T]7]*, uk, p. Hence, 5 (mod 5\,r n ^a) G {[i n -4> v*\ [i n -A, VP-]} an d 
CD/?[i/* (mod r)p) G {2i/*}]. 

Let n = 5 (8). Lemma 3.3 and .A>SM[<7 2 ] induce £ 4 (5 G {[t„_i,7//i], [i„_i, 16p]}, 
where 5 = 5(a) = E~ 5 [i n , a 2 ]. By (o) and Lemma 3.2(1), E 3 5 (mod E5\,E 3 52) G 
P^ln+n = ana - -^ 2( ^ (mod is 2 #2) £ {[<-»-3, [i»-3j p]}, where 6\ = 5(vk) = 
E~ 2 [i n -i,r]K] and 62 = 5(Q = E~ 4 [l„~i, I6p]. By Proposition 2.6(1), [l„- 3 ,vk] 
desuspends three dimensions and H(E [t„_3,/2]) = 2Q. Hence, for 5 3 = 8(2Q = 
E~ 2 [i„_ 3 ,/2], we have E5 (mod E5 2 ,ES 3 ) G ^vr 2 ^ = {£(r„_5i/*),£(r n _ 5 r//i)}, 
(5 (mod <5 2 , 8 3 ,T n _ 5 u*,T n _ 5 7]p) G P7r^f and CD/?[a (mod Q G {2(}]. □ 



Next we show the following: 

Proposition 4.2 H(E~ 3 [l$ h , i/ 2 k]-^ ) = 4uR and H(E~ 3 [t% n +2, vk]^o) = 4k. 

Proof Let n = (8). By Lemma 2.9(1) and (2-6), H(E- 3 [l„, v 2 k\) = v 3 k = 
4vk (5k = E" 3 [L n ,u 2 K\) for 5 = £~ 3 [i„,z; 2 ]. Then, ASM[v 2 k\ induces E 2 (5k) G 
P7T 2n+20 = °> e ( 5k ) e p ^+i9 = C ^T^-fii (Lemma 2.10), and hence 

5k G P7r^~f 8 and CDR[4uk = 0]. 

Next, let n = 2 (8). By Lemma 2.12, there exists an element 5 G n^n+n sucn 
that [i n ,vK] = E 3 5 and //<5 = z/ 2 k. Hence, ASM[vk] and (2-14) induce £5 G 
{[i„-2,4C],K- 2 ,o-]} C £ 2 vr^ 12 (Proposition 2.6(3)) and CDR[5 G Ptt 2 ^ = 
0]. □ 



Qeometry & Topology Monographs 13 (2008) 



Determination of the order of the P -image 



379 



By Propositions 2.11(3), 4.2 and the properties of Whitehead products, 

tH>8n, «] = 8 and tj[j, 8 », ^K] = (tl>8n+3, VK~\ = tJ[t8n+2 3 K l = 2 - 

We show: 

Proposition 4.3 |)[>8»+6, re] = jJ[t 8 „ +5 , t]k] = tt[t8«+4, vk\ = 2. 

Proof Let « = 6 (8). Lemma 3.4(5) and ASM[k] imply £ 5 5 G rjn]} 
for 5 = <5(k) = E~ 6 [t n , k] . By the relation H(t„-2P) = ?7P and Lemma 3.6(1), 
E 4 8 G {[t„_2,??p], [t»-2, »?*]}• By Proposition 2.5(1), 



(★) H(J5 _1 [t„_2,77p]) = r/V; H^ -1 ^^*]) 



7777 



Therefore, £ 3 <5 G Pn^+n = {E*(j n -(>VK)}. By the fact that [t n _ 4 ,jyjS] = [t„_ 4 , r/ 2 7/*] 



'2n+l 

= and (2-14), E 2 5 (mod E 2 (f n ^vK)) = 0, £5 (mod E(f n - 6 VK)) G /V^+i C 
■^ 37r 2f7+5' ^ ( m °d f n -(,vK) G {[i„_6,re]} and hence, CD/?[k G {2k}]. 

Let « = 5 (8). Lemma 3.6(1) and ASM[r]K] imply E 5 5 G {[i„-i, 7?p], [t„_i, 77*]} 
for <5 = ^(Tyre) = E- 6 [i n , V K]. By (*), £ 4 ,5 G Ptt%+ 3 u = {K-2,^]} C £ 5 <-_Z 7 
(Lemma 3.2(2)), £ 3 <5 G {[t,,-3,4i/*], [i„- 3 ,w]} = 0, £ 2 5 G P*£? n C £M«~+7 
(2-14) and £5 G {[V-5,4k]} C E 3 ir" 2 ^ (Proposition 2.6(3)). Hence, CD/?[5 G 

Let n = 4 (8). £ 5 5 G {£ 3 (f„„ 4 ^*)} for 5 = 5(vR) = E- 6 [i„,vk]. By the rela- 
tion H(E' 3 [i n ^ 2 , a]) = va (Lemma 2.12) and (1-2) for Q, E 4 5 (mod £ 2 (f„_ 4 i/*)) G 
{E Si} and E 3 5 (mod E(f n -4U*),E 5i) G {£ , (r re _ 4 /t)}, where <5i = (5(z^cj) = 
£' _3 [in-2, o - ]- From the relations H(f n -^v*) = a 3 , //(t„_ 4 k) = rjfi and 
H(E~ 1 [i n -4> ^^1) = (Proposition 2.5(1)), we obtain E 2 S (mod E5\) G 

{[t„_ 4 ,(j 3 ]} C E^l'll (Lemma 2.9(3)), £5 G Pti£+? 3 = 0, J G Ptt 2 ^ and 
hence, CDR[vR G 2^3]. □ 

Since [t8„+ 4 , ^ 2 ] = 0, [i8n+6> = (2-1 1) and H[l2 H , k] = ±2/c, we have 

il[>8*+ft, «] = 4 for & = 4 > 6. 
Similarly, ttl>8»+4, = 4. 

Now, we show: 

Proposition 4.4 tt[t 8ra+2 , V*1 = ttUsn+i,^*] = tt[<*i,4i/*] = 2. 
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Proof Let n = 2 (8). By (2-7) and Lemma 3.4(2);(3), [i n -i,a] G for 
a = uk, rfp and 777/* . So, ASM[t]*] induces £ 4 5 G {E(T n - 2 p)} and £ 3 <5 G 
{[i„-2,4i/*],[i„_2,?7/i]} for 8 = 8(a 3 ) = E- 5 [i n ,7]*]. By the fact that 
H(E- 1 [L n -. 2 ,VP']) = 4 C (Proposition 2.5(2)) and [t„_ 2 ,4^*] G E 6 ir!£* 7 (Lemma 3.5(2)), 
E 2 8 G P^l+u = 0, E5 G {[i„_ 4 ,4K]} = and CD/?h5 G Pti^J. 

Let n = 1 (8). Lemma 2.13(1) and AW[z/*] imply £ 2 5 G {[i f! _i,4C], [i„_i,o-]} C 
£ 4 7r 2 ^ 12 (Lemma 2.9(1)), where 5 = 8(a 3 ) = E~ 3 [i n , u*]. Hence, E5 G Pvt^"^ = 
and CDR[5 ePir 2 ^]. 

Let n = (8). Lemma 3.5(2) and ASM[4i/*] imply E 5 5 G Ptt 2 ^ = and 
E 4 8 G {[i»-2,4K]} = (2-11) for 8 = 5(rpfo) = £~ 6 [i„,4i/*]. Therefore, by 
(2-13), E 3 8 G {E(T n -4r]K)} and E 2 5 G {[i n -4> ?? 2 ^], Un-4, va]}. By the relation 
H(E~ l [L n _4, r] 2 K]) = 4uk (Proposition 2.5(2)) and (2-9), E5 G {[t n -5, vk\, Un-5,p]} 
c £3 <"+9 . 6 e ^2«+n and CDR[r] V *a = 0] . □ 

By Propositions 2.5(4) and 4.4, 

[>8n+l, W*] / 0. 

We show: 

Proposition 4.5 tt[M6«+i4, ??*] = ft[ti6»+l3, W*l = 2. 

Proof We use Lemma 3.6(4). Let n = 14 (16). By Lemma 2.13(4), [t„_i,r/ 2 p] 
desuspends seven dimensions. So, by the relation = E(T n -2p), (2-7) and 

ASMt??*], £ 5 5 G {[i n _2,4i/*],[i n _ 2 ,77/2]} for 8 = 8{jfo) = E~ 7 [l„,i]*]. By the 
relation H(E~ 1 [l„_2, wl) — 4 C and Lemma 3.5(2), E 4 5 G {[i»-3, <£], Un-3, &]}• By 
the relation u( = and Lemma 3.5(1), £ 5 (mod Z? (T n _6<x)) G {[z.„_4,4k]}. By 
(3-1), £ 2 (5 (mod E{f n -f,a),E 2 8\) G {i?(T„_677K;)} , where <5i = 5(4zvk) = [i„_4,4/c]. 
This induces £5 (mod £<5i) G P^2n+ n = {ES2, hn-6, va]}, where = Un-6, ?? 2 ftL 
H82 = 4vR and [t n -6, vo\ C E 2 ^"^ (Proposition 2.5(1)). Hence, 5 (mod 81,82) G 
P7r ln+\o and CDR[ V *a G 2^]. 

Next, let « = 13 (16). ASM[7]rj*] implies £ 6 5 G {[4»_i,4i/*], K-i^/i]} for £ = 
8{qrfa) = E~ 7 [l„, 7777*]. By the relation //(£ _1 [i„_i, 77/2]) = r/ 2 /i and Lemma 3.5(2), 
£ 5 <5 G {[in-2, 0, Un-2, o-]}- By Lemmas 3.5(1) and 3.6(3), E 4 S (mod E 2 (f n _ 5 a)) G 
{[^-3, 4k]} C £ 6 7T2,7+7 and £ 3 <5 (mod £(f„_ 5 d-)) G {[t„_ 4 , 77S], [t„_ 4 , a 3 ]}. From 
the fact that [t„„4,ryK] = E(j n ^r]K) and(3-l), E 2 8 G {[t„_5, t] 2 k], [i„_ 5 ,ua]}. Since 
//(£- 1 [t„„ 5 ,r/ 2 K]) = AvR and i/(£~ 3 U„_ 5 , i/fr]) = v 2 a = (Lemma 2.9(1),[16]), 
ES G P7 &12 c £ ?7r 2«+3 (i" 1 )' 5 G P7r 2n+ii and CDR[7]r]*a = 0] . □ 
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We show the following: 

Proposition 4.6 //(£"~ 3 [>8rc+/b <r]^o) = vd for k = 0, 1, 2. 

Proof Let « = (8). By Lemmas 2.9(1), 2.12 and 2.13, there exists an element 
5(k) G 7r^2fc+i5 such that ^n+k, a\ = E 3 5(k) and H8(k) = vo . For k = 0, ASM[a] 
induces £ 2 <5(0) G P^} 9 = 0, £5(0) G Ptt 2 ^ C &*%£ u (Proposition 2.6(1)) 
and CD/?[<5(0) G P7r|"~f 7 ]. By the parallel argument to Proposition 4.4 for v* , the 
assertion follows for & = 1. For k = 2, ASM[cr] induces E 2 5(2) G {i?(T n K;)} and 
£(5(2) G {[i„, 77/i], [t„, cr 3 ]}. Since U„,<7 3 ] C ^^V+n (Lemma 2.9(3)), we obtain 
5(2) (mod /3) = and CDR[va (mod ?? 2 k) = 0], where /3 = 5(t] 2 R) = E~ l [t n ,riR] 
(Proposition 2.5(1)). □ 

We show the following: 

Proposition 4.7 H(E~ 5 [t& n+ 2, V^i^o) = v 2 R and H(E~ 6 [L^ n+ i,t] 2 R]^o) = eh. 

Proof Let n = 2 (8). By Lemma 3.4(1) and (2-6), H(E- 5 [t, u rjR]) = v 2 R. We set 
S = 5(u 2 ) = E- 5 [L n ,r]]. ASM[r]R] induces E\5R) G Ptt^i c ^Mn+u (Lemmas 
2.13(3),3.4(2)) and E 3 (5R) G {[i«-2,4i/K], [t„- 2 , 8p], [t„_ 2 , By Lemma 2.9(1), 

the first two Whitehead products desuspend four dimensions, respectively. Hence, by 
the relation H(E- l [i n _ 2 , rfcr]) = r/r/V, we obtain £ 2 (5k) = 0, E(5R) G Ptt 2 "^ C 
£2?r 2,7+i4 (Proposition 2.6(1)), Sk G Pvr 2 ;;~^ 7 and CDR[v 2 R = 0]. 

Next, let n = 1 (8). By Lemma 3.4(2), H(E~ b [t n , t] 2 R]) = eR. ASM[r] 2 R] im- 
plies E 5 (5R) G {[Ln-i,4vK\,[i n -i,&p\,[Ln-i,Ti*a]} for 5 = 5(e) = E~ 6 [i n ,r) Z ]. 
By Lemma 2.9(2), [i„_i,8p] desuspends eight dimensions. By Lemma 3.2(3), 
[t„_i,4i^«;] = [i„_i,z/ 3 ]K desuspends six dimensions. So, by the relation 
tf^r.in-i.T/V]) = T]r]*a, we have £ 4 (5k) G Pvr 2 ;;i 3 7 = 0, E 3 (5R) G {[i„_ 3 , ^3,*]} 
C E 6 ir'^ n (Lemma 2.10), E 2 (5R) G {[i„- 4 ,TO,*]} C £ 4 ^7+i3 (Lemma 2.13(1)), 
G {[^- 5 ,4C3,*]} C £ 3 vt2,7+ 7 (Proposition 2.6(3)), 5R G Ptt 2 "-}, and hence, 
CDR[sR = 0] . □ 

According to Mahowald [8], the following seems to be true. 
Conjecture 4.8 {v, r/, a) = (D, a, v) = 7777V. 
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By use of the Jacobi identity for Toda brackets, Conjecture 4.8 and the relations 

(77, v, 77) = v 2 , aa = [16], we obtain 

(2i, v 2 , a) = (2l, tj, 7777*0") = v 2 R. 

By this fact, we can show 

[Lin, va\ / 0. 

Proof Let n = (8). In Proposition 2.1[n-5;5,3], P^ = E n ~ & V 7 3 and 77,3 = 
2s4 + i^fj" , where 54 = p 1 ^ (3-4). By Lemma 2.7(8), 

_// _ .4,6 /■- ~ v - • /o 2 -\ ■ 2- 
77 owfij o (jt7, 77, z/) o cr = I o (2i, ^ ,0) = IV K. 

This shows 

For 5 = 5{u 2 R) = E~% n , vo\, ASM[ua] implies E 3 5 = and E 2 5 & Pn^li 

c E3lT 2n+i6 (Proposition 2.6(1)), E6 G {[l„- 3 , rfp], [t«-3, M3,*]}» 

5 (mod r„_47y 2 p, r n _4//3 ) *) € P^2n+\9 and hence, CDR[u 2 R (mod 77/^.3,*) = 0]. □ 

Finally, by Proposition 2.6(1) and Lemma 2.13(1), we note the following. 
Remark //(E~ 2 [ig n+ 2j4K]) = £k = rj 2 R and ff(£"~ 3 [i8„ + i, z/k]) = v 2 R. 
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